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ARGENTINA 
Abstract. In this paper we study a tropocollagen model in order to 
consider the temperature effect. Both situation with triple helix 
structure having one and two hydrogen bonds by each set of three 
amino acid are presented. Ising models are used for evaluating the 
statistical properties. Finally comparison with the experimental data 
is considered. The theoretical results agree very well with the 
experimental points. 
INTRODUCTION 
Collagen is present in ligaments,the 
matrix of bond and provides the 
intracellular binding substance in 
muscle and in other organs.Collagen 
can be solubilized. and with dilute 
acid converted intO tro90cOlk?en 
The tropocollagen is formed as a fri 
-pie helix oF lenpht a;out ~~,SP(I A 
and a diameter of about 15-A. Path 
composing chain is a sequence of 
amino acids. One third of the total 
residues are glycine, about, one 
eight are proline and one in ten is 
hydroxy-proline. Each chain is 
binding with the other two by 
hydrogen bonds. 
In the present paper we study the 
temperature effect in tropocollagen- 
like structures. We assume a simple 
version of the tropocollagen struc- 
ture which is considered having 
only two components allow to form 
hydrogen bonds. These are hydroxy- 
prolin and glycine. 
It is very well known the structures 
of the triple helix of the tropocol- 
lagen. One model assumes that there 
are hydrogen bonds among hydroxy- 
prolines and glycines respectively. 
On the other hand, a hypothetical 
model considers the no existence of 
glycine bonds among them. We study 
both situations. 
We introduce a model consisting of 
molecules having two possible states. 
They represent the existence or not 
of hydrogen bond. Besides, the 
hydrofobic and electromagnetic 
interactions among molecules are 
also allowed. Principally, the 
cooperative effect is due to these 
interactions in the melting process. 
We use an Ising model in order to 
evaluate the partition function from 
which macroscopic observable are 
derived. 
Z.COLLAGEN ISING MODEL 
As we mentioned in the introduction, 
in this paragraph we are going to 
introduce and study some mathemati- 
cal and physics facts of the theore 
tical model for the tropocollagen. 
We are indeed interested in the 
bond breaking by temperature effect. 
Due to the fact that there is a 
correlation effect of interaction 
among certain bonds, there will 
appear a cooperative behavior in the 
bond breaking. 
The two assuming visions about the 
collagen structures, that is to say 
either the existence or not of the 
hydrogen bond among glycine units, 
here appear together only parame- 
trized by same suitable variable. 
When these variables take extremes 
values, one obtains the two different 
theories. 
First of all, we present in a the 
collagen structure in the first, 
from which some ideas can be derived 
On the left hand we have a collagen 
structure for its bond interaction 
On the right, it is the same structu 
re .iust planar. The bonds are of 
two types. 
We remind that the vertical bonds 
are of covalent type and do not 
break with smooth changes of the 
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temperature. Contrarely horizontal 
and slant bond are of hydrogen type 
and break by the effect of the 
lopen 
'N ={;)exp 
- + EB(ip} + E& !u}) 
temperature. 
As it is mentioned by Poland and 
Scheragal the helical configuration 
of most systematic ordered structure 
found in polymers is largely due 
to the non bonded interaction, that 
is to say the correlation or 
"steric" effct. Here we will study 
the collagen structure in the ising 
nearest-neighbor model, as described 
for example in Thompson2. 
In order to express the interactive 
energy among the molecule comp:sing 
the collagen we indicate with 1 and 
2 the free energies of the hydrogen 
bonds between hydroxyproline and 
glycine respectively which are mark 
ked by o and in the figure 1. On - 
the other hand, we introduce the 
correlation or "steric" energies 
which are 6, B and p , The first are 
represents the energy between o 0 
and o *o 
and '.*o 
; the second are betweeno..o 
and finally between o--s 
and o--o. All of them are conside 
red as nearest-neighbors, 
We use a set of parameter 
Ip)=(p rp ,...u ) 
in order to aes&cibe 811 the bond 
states, assuming that the collagen 
has N bonds or equivalenty ?3_ N. 
principal molecules. For simplicity 
N is even, The possible values of 
"j are given as follows. 
p. = + 1 ( i-bond intact) and - 1 
J 
(j - bond broken) 
where the position of the j-th bond 
is shown in the figure 1. As the 
reader may see the even j's are those 
between plycine molecules and the odd 
ones between hydrixyproline molecules 
and the bond energies 62 and ~1 
respectively. Thus, the toal bond 
energy ofi the system is given by 
there R is the gas constant and T the 
temperature 
3. a) Partition Function Evaluation 
Here we compute in some different 
cases the partition function. As a 
first step, we assume that the co- 
llagen is a closed chain of molecu-* 
les. This is a usual hypothesis for 
long polymer in the Ising context.l 
For example see Poland ayd Scheraga 
and Wartell and Montroll. However, 
further we will consider the "end 
effect" for a non-closed chain. We 
note that in both cases the transfer 
matrix is just the same. But in the 
latter case all the eigenvalues are 
taken into account, 
Introducing the variables o,j= 
) we then have the 
L (0 ,,u 
I 
j + 1 ) = 
exp El '2j_1 *2’ 2-j- ? a 0 2ju 2j + 1 _ 
+ '2j+l ' 2j+2)-R p2j. '2j+2 - 
-’ ’ 2'1-1 p Zj+l 
F. 
1 
where c. - 
a a 6 ; 
1 RT ; =--9 =- RT RT 
andy = & 
In the case with closed ends, the 
partition function appears to be 
given by 
=N 
closed 
=cijexp - &- E,(Ip}) + 
N/2 N/2 
E (IV})= - E. i p . - i 
1 j=l 2J-lwE2 j=1 '2j 
=ril i=l 
Y2 L( oi, ui+l) = 
On the other hand, the total steric 
or correlation energy is expressed 
as following: 
.~. 
.4 _I 
= Trace LNf2 = il ;irJ2 -Am:' 
EC((p}= -T N;$'(p 
We remind that the line before the 
2j p2j+l + latter just expresses the matrix 
product ot N/2 equal matrices L. The 
+p2j+l '2j+2 + ul u 2 
A's are the eigenvalues of the 
matrix L, 
+ iNi2-1 (2) 
As a first case, we considere = 0, 
that is to say to correlation 
j=l p2j p2j + 2 + between hidroxiproline and glycine 
is neglegible. 
-N 2-l 
f 
Therefore the maximun eigenvalue of 
+Y 
'2j-1 u2j+l L is obtained as j =1 h =e 
-(B +Y ) 
From here, the partition function of max 
ico~k~+(sinh~c~+e~~{~ 
the system takes the form {cash c 
2 
+ ( sinh% 2+ e 491f2 
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As a second and interesting case, we 
have the situation when correlation 
between hidroxyproline and glycine 
is not negligible.However, in our 
analysis we need in such a case ano- 
ther restriction which is related 
with the existence of the hydrogen 
bond between glycine units, Here,we 
compute the characteristic polynomial 
corresponding torthe transfer matrix 
L. resulting as 
P( A> = x4 - p1 h3+ p2h2-p3x + p 
=A4 _2e-@+Y) i[x 
[ 
4 
e cosh(EI+E2) + 
+ eo cosh(E -E 
1 2) A3 
+ 
c 
1 
-4 e2Ysinh 2E cash 2 El-4 e-* 
sinh 2Y cash 2 E 
2+ 
+ 4 sinh* ocosh 2 
i 
+y)-4sinh2 
( 8+Y) cosh2 a L 
-8 e-(6+Y)(ea cosh(e 
1 +E2) + 
o 
+e-cosh(~ .l-E2) sinh 2 6. sinh 2 A 
+4(cosh 48 cash 4 wcosh @-cash &+ 
+l)=o 
The reader will realize that the 
task of compunting the roots of the 
above characteristic polynomial is 
extremely complicated.Therefore we 
study a more simple but interesting 
case which appears when p = p and 
= 1. 
i&her 
These conditions &xpre& that 
This l;i.io; 2 = o* , physically is quite 
plausible since me&s in the case 
E2r= 0 that the hydrogen bond 
between glycine do not exist or is 
negligible. 
Thus, the partition function in the 
"closedtl case might be gotten. In the 
next section study the open case, 
3.b) End Effect 
Here we consider the collagen Ising 
model when no "closed" ends is 
assumed, In this.case, that is to 
say with "open" ends and end effect 
will appear. However, we will show 
that the results are similar as the 
previous considered case since a 
small difference will be introduced 
as end effect, 
We remember from (3) that 
open 
=N 
-a ~1 u2 _$. 1 
=olToy e 
-i- (7) 
(o l'o N) e 
El "N-l +a 2 'N 
? 
In orderLto reduse for computational 
p,urposes the last expression, let s 
consider the matrix L as L= X A X- Y 
where his the respective diagonalized 
matrix of L and X the matrix whose 
colums are the normalized eigenvectors 
respectively, Therefore 
L(O ) 2, = z z x0 ,T)h2fT 2-l \W,J) 
TW 
= 
f x (U,T )ZTX--l (T,J, (9) 
The first equality is just the repla 
cing of the diagonal matrix. A where 
6 is Kronecker's delta. Since X 
is an orthonormalmatrix, if holds 
X-I jr@) = X 6, ,T) which imulies 
that 
I-(o, J, $ $ X(DJ) x dr ) (10) 
Similarly, it is easy to see that 
L'(o,o') =F x,X("‘ ) X (Ul,T). (11) 
Now replacing (11) into (7). it 
appears that the partition function 
with end effect is 
N 
open =c h---1C 
ZN rr T (12) 
where 
-au 
C= F el "2 
T Ul U 
x(Ul,T lx6 .T) 
A!- 
eEl "N-l E2 uN (13) 
For ver large N, we can approximate 
where 3 is an index corresponding 
to the maximum eigenvalue.Because 
it is needed to compute. 
log z:en= (+- - 1) logxi+ logC_= 
J 
N log AT' =- 
2 
(14) 
for large N. From here we have that 
the end effect for very large Y is 
negligible. This fact is satisfied 
in our case for the collagen, 
Therefore, by such an argument, we 
do not go further into this matter, 
4. Medim Uumber of Intact Hidrogen 
Bonds 
In this paragraph, we are going to 
consider and study the medium number 
or average of intact hydrogen bonds 
varying the temperature, This is in 
general obtained as 
OI(T) = &N + + log hNf2 + 
max 
a 
+ae log 
A N4 = Mu 
max 
N _. 
where means the average, 
Replacing Amax in the closed case 
from the equation (5) into (15), we 
get 
OI(T) = + 
[ 
1 
1+- 
sinhE I 
2 ( sinh2EI+e4y)li2 
sinh E 
+ 
(sinh2: (16) 
2 
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On the other hand, in the case when 
c = 0, 
2 
and in the reciprocal situa- 
tion, it is possible to obtaine (T) 
It is interesting to see that iA.the 
closed chain case the condition of 
having a half of intaft bonds, that 
is to say 01 (Tm) = 2 , where Tm 
is the respective temperature, it 
holds to a relation for correlation 
energies. namely 
T -T 
pi 
T 
m. m- 
A 1 z 
T 
- *M TM. 
(21) 
m, 
- 
The pfevious equalit; is obtained by 
taking account (19). 
From the equation (16) we may evalua 
te the derivative of the average of 
intact hydrogen bonds. After some 
manipulations and using (20) we get 
the following expression 
(Y-B, =+ log 
sinhc 
1 I I sinh c 2 (17) @--)T=T & &1+A -1) (22) M n 
with can be easily derived from (16) 
$n thee case whenB=y implies that 
= . In general, because the 
h$drox$proline gives more statibili- 
ty to the collagen structure,c' c 
which means that?' 'g . This ha$pe& 
at temperature T . 
m 
5. Parameters evaluation 
In this section we consider some 
aspects related with the evaluation 
of observable parameters. First of 
all, if the statistical weight 
contributing the partition function 
at temperature T is exp c(t) uj. 
We here remind that this is the case 
of a unidimentional ring without 
correlation. Therefore at T = Tm 
the statistical weight must be 
equal for balance reasons, Thus the 
free enerev divided bv RT is .,, 
s(T,) = 0. 
It is intuitively clear that the 
melting temperature and the free 
energies are different for the two 
bond types, This fact implies that 
the enthalphy and entropy are also 
different, Then, we can write 
+) = -?&me AH;T - *Sl (18) 
where AGl is the free energy change 
at the bond breaking, similarly AH 
1 
the change of enthalphy and AS1 the 
change of entropy. At the melting 
temperature T of the first type 
bonds, u (T f = 0. 
from whi$h: h, = T 
ml 
,A Sl. 
Therefore we obtain 
AH T 
E,(T) = --Q+ RT - k ) (19) 
ml 
Similary, for the second type of 
bond. 
Assuming that T < T < T and near 
m7 m, 
each other, then-the equation (17) 
can be written at T as 
m 
.2(y 8) zl(Tm) = A 1 _- 
2(Tm) AH2 
A (20) 
where 
from which we may relateR with the 
rate of change at T = TK of the 
average, 
On the other hand, due to the fact 
that the entropy changesA S1 andA S2 
might be considered equal, seince 
they take into consideration the 
degrees of freedom of broken state; 
which are considered to be similar 
in the two types of molecules. With 
this, and considering (19) we 
obtain for the enthalphies 
AH 
1 A H2 
T T (23) 
Usinilall themibove relation (21) 
(22) and (23) we can evaluate (i) 
in terms of the parameters T lT 
A H2 and (a&-)T = T, 
ml' m2 
6. Comparison with Experimental Data 
From an experimental point of view 
the soluble collagen denaturation 
is considered as the change of 
intriensic viscosity as a temperatu-4 
re function. H. Boedtker and P. Doty 
in 1956 performed same experiments 
with soluble collagen in citrate at 
pH 3.7. Their experimental results 
are used in this paper in order to 
compare them with the presented 
theory, 
The enthalphy variation, following 
;eT;;{ino, A. Ciferri and J.J. 
and D. Puett and L.U.Rajag g 
is near 2kcal/mol. T$e experimental 
value of T is 29. 2 C. With the 
use of (2OY, (22) and (23) and consi 
dering the equation (16) which gives 
the average of intact hydrogen bonds 
B (T), taking into account proper 
f va ues. 
The denaturation curve very well 
adjusts the experimental points 
presented in 4). 
In the second case when only the 
hydroxyproline can form hydrogen 
bonds: the theory agrees with 
experiments uresented in , 
Final Remarks 
For both mod;ls we get from a practi 
cal point of view, identical denatu- 
ration curves. Therefore, one might 
not decide between them. The stabi- 
lity of both models might be explai 
ned on the following bases. 
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